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Abstract
Count data represent the number of occurrences of an event within a fixed time or space and arise fre-
quently in areas such as epidemiology, insurance, demography, and reliability analysis. In many practical
situations, zero counts are structurally absent or unobserved, resulting in zero-truncated count data. Stan-
dard zero-truncated models may be inadequate when such data exhibit substantial over-dispersion. In this
paper, we introduce and study a zero-truncated hyper-negative binomial distribution (ZTHNBD) to ad-
dress this limitation. This work constitutes the first systematic investigation of the ZTHNBD. Several
important statistical properties of the proposed distribution are derived, including the probability mass
function, cumulative distribution function, mode, log-concavity, survival function, and hazard function.
Recurrence relations for probabilities, raw moments, and factorial moments are also obtained. Parameter
estimation is carried out using the method of maximum likelihood, and a generalized likelihood ratio test
is developed to assess the significance of the additional parameter. The practical usefulness of the proposed
model is demonstrated using multiple real-life data sets, where it provides an improved fit compared to
existing zero-truncated models based on goodness of fit measures and information criteria. A brief simu-
lation study is conducted to examine the finite sample performance of the maximum likelihood estimators.

Keywords: Count data modeling; Probability generating function; Maximum likelihood estimation;
Negative binomial distribution; Survival function; Simulation.

1. Introduction
The hyper-negative binomial distribution (Yousry and Srivastava 1987) is an important discrete

probability distribution that is used to model over-dispersed count data, where the variance is greater
than the mean. It is a generalization of the negative binomial distribution and can be used in many
fields such as biology, epidemiology, insurance, and quality control. However, in some real-world

© Brazilian Journal of Biometrics. This is an open access article distributed under the terms of the Creative Commons Attribution licence
(http://creativecommons.org/licenses/by/4.0/)

https://orcid.org/0000-0002-9813-9064
https://orcid.org/0009-0007-5806-2190
drcsatheeshkumar@gmail.com
http://creativecommons.org/licenses/by/4.0/


Kumar and Sandeep

situations, the value zero is not observed or is not possible. For example, when recording the num-
ber of failures before a success in a system where at least one failure must happen, or when studying
the number of hospital visits by patients who have already visited at least once. In such cases, using
the standard hyper-negative binomial distribution may not be appropriate because it includes the
probability of zero. The statistical properties and applications of zero-truncated models have been
extensively studied in the literature. The foundational work on the truncated negative binomial dis-
tribution can be traced back to early contributions by (Sampford 1955) and (Brass 1958), who devel-
oped simplified estimation procedures and theoretical properties for truncated count distributions.
Subsequently, the zero truncated negative binomial distribution (ZTNBD) has been extensively ap-
plied and extended in various applied contexts. In transportation studies, (Liu et al. 2013) employed
zero-truncated negative binomial regression and quantile regression to analyze U.S. freight-train
derailment severity, demonstrating its superiority over Poisson-based models in handling overdis-
persion. In the field of population studies, (Cruyff and Heijden 2008) proposed point and interval
estimation of population size using a zero-truncated negative binomial regression model, highlight-
ing its effectiveness in capture–recapture frameworks. In recent years, the relevance of ZTNBD
has expanded significantly in epidemiology, particularly in modeling infectious disease transmis-
sion, (Zhao et al. 2021) utilized a zero-truncated negative binomial model to infer superspread-
ing potential in COVID-19, emphasizing its capability in modeling heterogeneity in transmission
counts. Similarly, methodological advancements include (Brass 1958), who proposed simplified fit-
ting techniques, and later developments introducing flexible generalizations of the ZTNBD. Several
authors have proposed generalized and compound forms of the ZTNBD to enhance model flexibil-
ity, (Sitho et al. 2021) introduced a zero-truncated negative binomial weighted Weibull distribution,
while (Arrabal et al. 2014) applied ZTNBD-based models to nonlinear data structures. More re-
cently, (Cheng and Huang 202) employed finite-mixture zero-truncated negative binomial models
for predicting wet-road crashes, illustrating the importance of mixture structures in accident data.
Further extensions include the zero-truncated negative binomial–Erlang distribution proposed by
(Bodhisuwan et al. 2017) and the Lagrange-based generalization with associated regression models
developed by (Mohanan et al. 2025). However, in applications where zero counts are absent or un-
observable, the direct use of the standard hyper-negative binomial distribution is inappropriate. To
deal with this, we introduce a zero-truncated version of the hyper negative binomial distribution
named it (ZTHNBD), where the probability of zero is removed and the remaining probabilities are
adjusted properly. This new distribution can better fit the data where zero counts are not possible.
As stated by Yousry and Srivastava (1987), the probability mass function (p.m.f ) of the HNBD is
the following, for x = 0, 1, 2, ..., θ > 0, r > 0 and 0 < q < 1:

f (x) = P(Z = x) =
∆0 (r)x

(θ)x
qx. (1)

where

∆0 = [2F1(1, r; θ; q)]–1,

and

2F1(a, b; c; u) =
∞∑
n=0

(a)n(b)nun

(c)nn!
.

Here 2F1(a, b; c; u) is the Gauss hypergeometric function. For further details regarding Gauss hyper-
geometric function, refer Mathai and Haubold (2008). Here (a)n denote the Pochhammer symbol:
(a)0=1, (a)n= a(a + 1)...(a + n – 1), for n= 1,2,3,... and (a)n= Γ (a+n)

Γ (a) , for a > 0, where Γ (.) denotes the
gamma function. So, through the present paper we study the ZTHNBD in detail through explor-
ing more properties of the distribution and thereby illustrating its usefulness to real life data sets.
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In section 2, we provide some important properties of the ZTHNBD through deriving expres-
sions for its cumulative distribution function, index of dispersion, mean, variance, mode, survival
function and hazard function. In section 3, we discuss the maximum likelihood estimators of the
parameters of the distribution along with generalized likelihood ratio test procedures for testing the
additional parameter of the distribution. Further, in section 4, we provide certain data illustrations
for highlighting the usefulness of the model and section 5 contains a brief simulation study. Section
6 provides a summary and conclusion of the present work.

2. THE ZTHNBD
In this section we present the definition of the ZTHNBD and derive some of its important prop-

erties.

Definition 2.1: A non negative valued random variable X is said to follow ZTHNBD if its p.m.f
has the following form in which r > 0, θ > 0, 0 < q < 1 for x=1,2,... is given by

g(x) =
g[X = x]
g[X > 0]

= W–1
0

(r)x qx

(θ)x
. (2)

Where
Wi = 2F1(1 + i, r + i; θ + i; q) – 1

For i= 0,1,2,.. . Clearly, when θ = 1, the p.m.f (2) reduces to the p.m.f of Zero truncated negative
binomial distribution (Sampford 1955).
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Figure 1. Illustration of the p.m.f of ZTHNBD for different values of r, θ and q.

Result 2.1 The cumulative distribution function (c.d.f) of the ZTHNBD has the following form, for any
x ∈ ℜ = (–∞,∞).

G(x) = 1 – W–1
0 qx+1 (r)x+1

(θ)x+1
2F1(1, r + x + 1; θ + x + 1; q) (3)
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Proof. By definition, the c.d.f of the ZTHNBD with p.m.f (2) is

G(x) = P(X ≤ x)

= W–1
0

x∑
k=0

(r)k
(θ)k

qk

= 1 – W–1
0

∞∑
k=x+1

(r)k
(θ)k

qk

= 1 – W–1
0 qx+1 (r)x+1

(θ)x+1

∞∑
k=0

(r + x + 1)k
(θ + x + 1)k

qk,

which leads to (3). ■

Result 2.2 The probability generating function (p.g.f) of the ZTHNBD is given by

G(t) = W–1
0 [2F1(1, r; θ; qt) – 1]. (4)

Proof. By definition, the p.g.f of the ZTHNBD with p.m.f (2) is ■

G(t) =
∞∑
x=1

Pxtx

=
(1 + W0)

W0

∞∑
x=1

tx
(r)x
(θ)x

qx

1 + W0

=
(1 + W0)

W0

[ ∞∑
x=0

(r)x
(θ)x

(qt)x

1 + W0

]
–

1
W0

,

which on simplification gives (4)

Result 2.3 An expression for factorial moments of the ZTHNBD is given by

µ[n] =
qn n! (r)n

(θ)n
δ1, (5)

where δi =
Wi
W0

; i = 1, 2.

Proof. The factorial moment generating function of the ZTHNBD with p.g.f (4) is

F(t) = G(1 + t) = W–1
0

[
2F1(1, r; θ; qt) – 1

]
(6)

On differentiating (6) n times with respect to t and putting t=1, we get (5). ■

Result 2.4 The Mean and Variance of ZTHNBD with p.g.f (4) is given by

Mean =
rq
θ
δ1 = ν (7)

and
Variance = ν

[
2q(r + 1)
(θ + 1)

δ2
δ1

+ 1 –
rq
θ

]
, (8)
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Proof follows from the fact that Mean= E(X)= ∂G(t)
∂t |t=1 and variance =E[X(X – 1) + E(X)] – [E(X)]2

∂2G(t)
∂t2 |t=1.

Result 2.5 The mode x0 of the ZTHNBD is the following, in which ρ = rq–θ
1–q , Z is the set of all non-

negative integers and [a] denote the integer part of a, for any a ∈ ℜ.

x0 =


[ρ + 1] if ρ /∈ Z

ρ and ρ + 1 if ρ ∈ Z
(9)

Proof. The mode x0 of the ZTHNBD with p.m.f g(x) given in (2) is the value of x satisfying

g(x) ≥ g(x – 1) and g(x) ≥ g(x + 1).

Now,
g(x) ≥ g(x-1) implies

x ≤
rq – θ
1 – q

+ 1 (10)

and
g(x) ≥ g(x+1) implies

x ≥
rq – θ
1 – q

. (11)

Inequalities (10) and (11) gives the mode of the ZTHNBD as given in (9). ■

Result 2.6 The ZTHNBD with p.m.f g(x) as given in (2) is log concave only when r ≥ θ.

Proof. Proof is straightforward in the light of the inequality:

g2(x + 1) ≥ g(x) g(x + 2).

■

Result 2.7 The index of dispersion (I.D) of the ZTHNBD are the following, in which ν is as given in (7).

I.D =
2q2r(r + 1)
θ(θ + 1)ν

δ2 – ν + 1, (12)

Proof is straightforward and hence omitted.

Result 2.8 The ZTHNBD becomes over dispersed when 2δ1(ν + δ1q) > δ2
1ν(θ + 1), under dispersed when

2δ1(ν + δ1q) < δ2
1ν(θ + 1) and equi dispersed when 2δ1(ν + δ1q) = δ2

1ν(θ + 1).

Result 2.9 For any x ∈ ℜ, the survival function S(x) and hazard function h(x) of the ZTHNBD are
respectively

S(x) = W–1
0 qx+1 (r)x+1

(θ)x+1
2F1(1, r + x + 1; θ + x + 1; q)

and
h(x) =

θ + x
(r + x)q

[2F1(1, r + x + 1; θ + x + 1; q)]–1. (13)

Proof. The proof follows from(2), (3) and the definition of the survival function S(x) = g(X > x)

and hazard function h(x) = g(x)
S(x) . ■
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Figure 2. Illustration of the index of dispersion of ZTHNBD for different values of r, θ and q.
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Figure 3. Illustration of the hazard of ZTHNBD for different values of r, θ and q.
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Figure 2 illustrates the hazard rate function of the ZTHNBD for different values of r, θ and q.
The Figure shows that the hazard rate function is non-decreasing when r > θ, non-increasing when
r < θ and constant when r = θ, for all 0 < q < 1.

Result 2.10 The following is a simple recurrence relation for probabilities g(x;θ*) = g(x) of the ZTHNBD
with p.g.f (4) in which θ∗= (1,r;θ)

g(x + 1; θ∗) =
g(x; θ∗ + 1)

(x + 1)
ν δ1. (14)

Proof.
From (4) we have

g(x) =
∞∑
x=1

g(x; θ∗)tx = W–1
0 [2F1(1, r; θ; qt) – 1], (15)

and
∞∑
x=0

g(x; θ∗ + 1)tx = δ1 2F1(2, r + 1; θ + 1; qt), (16)

On differentiating (15) with respect to t, we get

∞∑
x=1

g(x; θ∗) x tx–1 = W–1
0

rq
θ

2F1(2, r + 1; θ + 1; qt). (17)

Expressions (15) and (17) together lead to the following.

∞∑
x=1

g(x + 1; θ∗) (x + 1) tx = δ1
rq
θ

∞∑
x=1

g(x; θ∗ + 1) tx (18)

On equating coefficient of tx on both side of (18) we get (14). ■

Result 2.11 A recurrence relation for raw moments of the ZTHNBD is given by

µx+1(θ∗) = ν

1 + W1


∞∑
k–0

(
x
k

)
µx–k(θ∗ + 1) – 1


 (19)

Proof. The characteristic function of ZTHNBD with p.g.f (4) has the following series representa-
tion.

ϕ(t) = H(eit) = W–1
0

[
2F1(1, r; θ; qeit) – 1

]
=

∞∑
x=1
µx(θ∗)

(it)x

x!
(20)

From (20) we have

δ1 2F1(2, r + 1; θ + 1; qeit) =
∞∑
x=1
µx(θ∗ + 1)

(it)x

x!
. (21)

Differentiate (20) with respect to t to get

rq
θ
δ1 eit

∞∑
x=1
µx(θ∗ + 1)

(it)x

x!
=

∞∑
x=1
µx(θ∗)

(it)x–1

(x – 1)!
. (22)
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By using (20) and (21), equation (22) become

∞∑
x=1
µx+1(θ∗)

(it)x

x!
=

rq
θ
δ1

∞∑
k=0

(it)k

k!

∞∑
x=0
µx(θ∗ + 1)

(it)x

x!
(23)

We know that
∞∑
x=0

∞∑
s=0

B(x, s) =
∞∑
x=0

x∑
s=0

B(s, s – x) (24)

In the light of(24) Equating the coefficients of (it)x
x! on both sides of (23), we get (20). ■

Result 2.12 Recurrence relation for factorial moments of the ZTHNBD with p.g.f (4) is given by

µ[x+1](θ
∗) = ν µx(θ∗ + 1). (25)

Proof. The factorial moment generating function FX (t) of the ZTHNBD with p.g.f (4) has the
following series representation.

FX (t) = H(1 + t) = W–1
0 2F1(1, r; θ; q + qt) =

∞∑
x=1
µx(θ∗)

tx

x!
(26)

From (26) we have
∞∑
x=1
µx(θ∗ + 1)

tx

x!
= δ1 2F1(2, r + 1; θ + 1; q + qt). (27)

On differentiating (26) with respect to t, we have

∞∑
x=1
µx(θ∗)

tx–1

(x – 1)!
=

rq
θ
δ1

∞∑
x=0
µx(θ∗ + 1)

tx

x!
. (28)

By using (26) and (27) we obtain the following from (28).

∞∑
x=1
µx+1(θ∗)

tx

x!
=

rq
θ
δ1

∞∑
x=1
µx(θ∗ + 1)

tx

x!
(29)

Equating the coefficients of tx
x! in (29), we get (25). ■

3. Estimation and Testing
Here we consider the method of maximum likelihood for estimating the parameters r, θ and q

of ZTHNBD. Let x be a non-negative integer a(x) be the observed frequency of x events and y be
the highest value of x observed. Then the likelihood function of the sample is

L =
y∏

x=0
[g(x)]a(x),

which implies

logL =
y∑

x=0
a(x) log g(x).

10 Braz. J. Biom., v.44, e-44939, 2026.
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That is,

l = logL =
y∑

x=0
a(x)

[
log Γ (r + x) + logΓ (θ) + x log q – log W–1

0 – logΓ (r) – logΓ (θ + x)
]

. (30)

Now, on differentiating (31) with respect to the parameters r, θ and q, we obtain the following
likelihood equations, in which ψ(w) = ∂

∂w logΓ (w). That is,

∂l
∂r

= 0

implies
y∑

x=0
a(x)

[
ψ(r + x) – △0

∞∑
x=0

qx

(θ)x
Γ (r + x)
Γ (r)

[ψ(r + x) –ψ(r)] –ψ(r)

]
= 0, (31)

∂l
∂θ

= 0

implies
y∑

x=0
a(x)

[
ψ(θ) – △0

∞∑
x=0

qx(r)x
Γ (θ)
Γ (θ + x)

[ψ(θ) –ψ(θ + x)] –ψ(θ + x)

]
= 0. (32)

and
∂l
∂q

= 0

implies
y∑

x=0
a(x)

[
x
q

–
r
θ
δ1

]
= 0. (33)

Now, on solving the likelihood equations (31), (32) and (33) by using some mathematical softwares
like MATHEMATICA, one can obtain the maximum likelihood estimators of the parameters of the
ZTHNBD.

Hypothesis Testing
To test the significance of the parameter θ of the ZTHNBD, we adopt the generalized likelihood

ratio test (GLRT) procedure. The null hypothesis is

H0 : θ = 1

against the alternative hypothesis
H1 : θ ̸= 1.

Here, the test statistic is
–2ln Ψ = 2(Λ1 –Λ2), (34)

in which Λ1 = lnL(Θ̂; x), where Θ̂ is the maximum likelihood estimator for λ = (r, θ, q) with no
restrictions, andΛ2 = lnL(Θ̂∗; x), were Θ̂∗ is the maximum likelihood estimator for λ under the null
hypothesis H0. The test statistic defined in (34) is asymptotically distributed as chi-square with one
degree of freedom(df ). For further details regarding GLRT, see Rao(1973).

Braz. J. Biom., v.44, e-44939, 2026. 11
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4. Applications
In this section, we consider certain real-life data sets for illustrating the methods discussed in

Section 3. To illustrate the applicability of the proposed model, six real data sets from different fields
are analyzed. The first data set relates to the number of households having at least one migrant
according to the number of migrants, as reported by Singh and Yadav (1981). The second data
set consists of the number of mothers in a rural area with at least two live births classified by the
number of infant and child deaths, reported by Shanker (2015). The third data set represents the
number of free-forming small groups according to group size, reported by Coleman and James
(1961). The fourth data set is concerned with the number of literate mothers with at least one live
birth classified by the number of infant deaths, also reported by Shanker (2015). The fifth data set,
taken from Shanker (2015), provides additional count observations related to demographic events.
The sixth data set consists of snowshoe hare counts captured over seven consecutive days, as reported
by Keith and Meslow (1968). All six data sets involve positive count data and are therefore suitable
for demonstrating the performance and flexibility of the proposed zero-truncated model.

We compared the fits of the zero truncated negative binomial distribution (ZTNBD) to that of
the ZTHNBD in case of all the three data sets considered in the paper . We calculated the values of
the chi-square statistic, AIC, BIC, and AICc for the purpose of comparing the model. The numerical
results are shown in Tables 1, 2, 3, 4, 5 and 6. Comparing the ZTHNBD to other models based on
the data sets considered here, one can see that the ZTHNBD provides a superior fit.

It can be shown that ZTNBD is not given best fit to the data sets, while the ZTHNBD only
gives a better fit, based on the P-value and chi-square values. And also the values of information
measures like AIC, BIC and AICc support the fact that the ZTHNBD can be considered as suitable
model compared to other existing models considered in the paper.

Table 1. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the first dataset

X Observed frequency ZTNBD ZTHNBD

1 375 375 374
2 143 144 143
3 49 46 48
4 12 13 12
5 2 4 2
6 1 0.9 2
7 1 0.1 1

Total 583 583 583

df 2 1
Log L -560.82 -558.82
Estimates r = 3.02 r = 0.97

p = 0.19 θ = 0.16

q = 0.22

χ2-value 9.39 0.52
P-value 0.0091 0.46
AIC 1125.64 1123.64
BIC 11127.16 1123.68
AICc 1125.66 1123.68
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Table 2. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the second dataset

X Observed frequency ZTNBD ZTHNBD

1 745 747 746
2 212 206 209
3 50 60 52
4 21 19 20
5 7 5 7
6 3 1 4

Total 1038 1038 1038

df 2 1
Log L -873.49 -871.46
Estimates r = 0.60 r = 2.83

p = 0.34 θ = 4.56

q = 0.39

χ2-value 6.85 0.42
P-value 0.03 0.51
AIC 1750.98 1748.92
BIC 1753.00 1751.95
AICc 1750.99 1748.94

Table 3. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the third dataset

X Observed frequency ZTNBD ZTHNBD

1 1486 2100 1486
2 694 250 694
3 195 60 194
4 37 10 39
5 10 2.5 9
6 1 0.5 1

Total 2423 2423 2423

df 1 1
Log L -6882.19 -2303
Estimates r = 24.57 r = 4.40

p = 0.34 θ = 0.0007

q = 0.086

χ2-value 1367.7 0.218
P-value 0.0001 0.63
AIC 13768.4 4162.00
BIC 13771.1 4616.14
AICc 13768.4 4612.01
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Table 4. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the fourth dataset

X Observed frequency ZTNBD ZTHNBD

1 683 686 683
2 145 140 144
3 29 35 30
4 11 10 10
5 5 2 6

Total 873 873 873

df 1 1
Log L -604.24 -602.23
Estimates r = 0.24 r = 0.76

p = 0.33 θ = 2.13

q = 0.36

χ2-value 5.82 0.306
P-value 0.015 0.57
AIC 1212.48 1210.46
BIC 1214.36 1213.28
AICc 1212.49 1210.47

Table 5. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the fifth dataset

X Observed frequency ZTNBD ZTHNBD

1 567 569 567
2 135 131 133
3 28 33 30
4 11 9 10
5 5 2 6

Total 746 746 746

df 1 1
Log L -553.34 -551.34
Estimates r = 0.445 r = 1.13

p = 0.319 θ = 2.19

q = 0.34

χ2-value 5.83 0.34
P-value 0.015 0.511
AIC 1110.68 1108.68
BIC 1112.42 1111.29
AICc 1110.70 1108.01
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Table 6. Observed frequencies and computed values of expected frequencies of the ZTNBD and the ZTHNBD by the method
of maximum likelihood for the sixth dataset

X Observed frequency ZTNBD ZTHNBD

1 184 183 183
2 55 53 53
3 14 17 15
4 4 6 5
5 4 1 5

Total 260 260 260

df 1 1
Log L -227.67 -225.67
Estimates r = 0.708 r = 1.78

p = 0.336 θ = 2.42

q = 0.55

χ2-value 10.27 0.54
P-value 0.001 0.45
AIC 459.34 457.34
BIC 460.16 458.57
AICc 459.38 457.43

Table 7. Value of the test statistic from the generalized likelihood ratio test

lnL(Θ̂∗; x) lnL(Θ̂; x) Test statistic

Data set1 -560.82 -558.82 4
Data set 2 -873.49 -871.46 4.06
Data set 3 -6882.19 -2303.00 9158.3
Data set 4 -604.24 -602.23 4.02
Data set 5 -553.34 -551.34 4
Data set 6 -227.67 -225.67 4

Braz. J. Biom., v.44, e-44939, 2026. 15



Kumar and Sandeep

We evaluated the test statistic given in (34) as shown in Table 7. The null hypothesis is rejected
in each case since the critical value for the test at the 5% threshold of significance and one df is 3.84.
Then one can observe that the parameter θ of ZTHNBD is significant in case of all the data sets
considered here.

Table 8. Value of the index of the dispersion of the data sets

Data ID ZTNBD ID ZTHNBD ID

Data 1 230.27 230.34 229.31
Data 2 489.47 491.16 489.93
Data 3 867.11 1732.6 866.98
Data 4 481.2 485.53 480.86
Data 5 384.28 388.75 383.56
Data 6 112.47 111.07 109.9

The Table 8 compares the index of dispersion (ID) values of the observed data with those ob-
tained under the ZTNBD and ZTHNBD for six data sets. For all cases, the ID values from the
ZTHNBD are closer to the empirical IDs than those from the ZTNBD. This indicates that the
ZTHNBD more effectively captures the dispersion structure of zero-truncated count data, explain-
ing its improved performance in applications.

5. Simulation
Since the maximum likelihood estimators of the parameters of the ZTHNBD are not in explicit

form it is quite difficult for examining the performance of the estimators. So we conducted a brief
simulation study in this section using simulated data sets. calculated the absolute bias and standard
errors for each of the following set of parameters and provide in Table 8 corresponding to sample
sizes 100, 300, and 500.

(i). r = 2, θ = 1, q = 0.05 (Over-dispersed case)
(ii). r = 1, θ = 0.1, q = 0.05 (Under-dispersed case)

For comparison purposes, a parallel simulation experiment is also carried out for the zero-truncated
negative binomial distribution (ZTNBD). The corresponding bias and standard error results for the
ZTNBD estimators are given in Table 9, allowing a direct comparison of the estimation efficiency
under the two zero-truncated models.
The simulation study is performed under the following two parameter configurations

(i). r = 2, p = 0.05 (Over-dispersed case)
(ii). r = 1, p = 0.05 (Under-dispersed case)
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Table 9. Bias and standard errors in the parenthesis of the estimators of the parameters r, θ and q of the ZTHNBD for the
simulated data sets

Parameter set Sample size MLE

r̂ θ̂ q̂
n = 100 -1.99 0.14 0.12

(3.99) (2.01) (0.02)
(i) n = 300 -2.00 -2.8 0.04

(2.99) (0.69) (0.01)
n = 500 -3.2 -0.82 0.003

(2.54) (0.53) (0.004)

n = 100 -0.99 1.33 0.4
(0.98) (4.98) (0.40)

(ii) n = 300 -1.29 0.96 0.09
(0.87) (1.09) (0.01)

n = 500 -1.51 -0.88 0.01
(0.71) (0.007) (0.001)

Table 10. Bias and standard errors in the parenthesis of the estimators of the parameters r and p of the ZTNBD for the
simulated data sets

Parameter set Sample size MLE

r̂ p̂
n = 100 -0.003 -0.003

(0.024) (0.0034)
(i) n = 300 -0.51 0.07

(0.32) (0.008)
n = 500 0.20 -0.02

(0.90) (0.009)

n = 100 3.53 -0.3
(16.82) (0.09)

(ii) n = 300 4.4 -0.33
(21.09) (0.10)

n = 500 2.9 -0.27
(9.08) (0.07)
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From Table 8, it can be seen that as the sample size increases, both absolute bias and standard er-
rors corresponding to the parameter sets are in decreasing order in both the cases. From Table 9 the
results indicate that the estimation performance of the ZTNBD parameters is unstable across sample
sizes. In particular, for both parameter sets, the absolute bias and standard errors do not exhibit a
consistent decreasing trend as the sample size increases.Overall, the estimators under the ZTHNBD
exhibit smaller bias and reduced standard errors relative to those of the ZTNBD, particularly for
moderate and large sample sizes. This improvement can be attributed to the additional flexibil-
ity introduced by the extra parameter in the ZTHNBD, which allows the model to better capture
over-dispersion in zero-truncated count data. These findings indicate that, while the ZTNBD per-
forms reasonably well, the ZTHNBD provides more efficient parameter estimation and constitutes
a superior alternative in practical applications involving zero-truncated over-dispersed data.

6. Conclusion
In this paper, we studied several properties of the ZTHNBD, including the derivative of its cu-

mulative distribution function, mean, variance, mode, and recursive formulas. We estimated the
parameters of the distribution using the maximum likelihood method. We also developed a gener-
alized likelihood ratio test to check the importance of the extra parameter in the model. To show
the practical utility of the proposed model is we applied it to six real-life data sets and compared its
performance with the existing ZTNBD model. The results show that while the ZTNBD does not
provide the best fit, the ZTHNBD gives a better fit based on Chi-square values and P-values. The
information criteria values such as AIC, BIC, and AICC also suggest that the ZTHNBD is a more
suitable model than the others discussed in the paper. Finally, we conducted a small simulation study
to check how well the estimation methods perform.
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