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Abstract
In this paper we have suggested a family of estimators for estimating the population mean of the study variable with the dual use of
auxiliary information in sample surveys. In addition to Haq et al. (2017) many other estimators are members of the proposed family
of estimators. The bias and mean squared error of the suggested family of estimators are obtained up to the first order of
approximation. We have compared the proposed family of estimators with some existing estimators and derived the conditions under
which the suggested family of estimators is more efficient than the existing estimators. An empirical study is carried out to
demonstrate the performance of the proposed family of estimators over existing estimators.

Keywords: Study Variable; Auxiliary Variable; Bias; Mean Squared Error; Percent Relative Efficiency.

1. Introduction

It is well established fact that the use of auxiliary information at the estimation stage improves the
precision of an estimate of the population mean in sample surveys. Ratio, product and regression
methods of estimation are good examples in this context. Taking the advantage of high
(positive/negative) correlation between the study variable and auxiliary variable, these methods have
been defined. Various authors including Sisodia and Dwivedi (1981), Upadhyaya and Singh (1999),
Singh and Tailor (2003), Singh and Yadav (2018), Singh et al. (2016), Gupta and Shabbir (2008),
Kadilar and Cingi (2004, 2006 a,b), Haq and Shabbir (2013), Singh and Solanki (2013), Grover and
Kaur (2014), Hussain and Haq (2019), Singh and Nigam (2020, 2022), Kumar et al. (2023), Nigam
and Singh (2024) and references cited therein have used transformation over auxiliary variable in
devising different types of estimators of population mean. Adichwal et al. (2019) considered the
problem of estimating the population mean using one or two auxiliary variables in the presence of non-
response under two phase sampling when study variable is qualitative in nature. Raghav et al. (2014,
2023) formulated a multivariate stratified sampling problem in the case of non-response and as a
mathematical programming problem to estimate p-population means with complete response and
nonresponse for a fixed cost respectively. Recently Mishra et al. (2024) introduces a novel class of
estimators, combining the ratio and product forms for estimating finite population mean, Raghav et al.
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(2024) proposes two classes of robust ratio type estimators of finite population mean and of finite
population variance using a single auxiliary variable under the adaptive cluster sampling. It is noticed
that usually estimators for population mean use auxiliary information on the population mean of the
auxiliary variable. Haq et al. (2017) pointed out that it is possible to enhance the precision of a mean
estimator utilizing ancillary information not only on the auxiliary variable but well on the ranks of the
auxiliary variable. This led authors to suggest estimators of the finite population mean that incorporates
the ancillary information in forms of: (i) the auxiliary variable and (ii) ranks of the auxiliary variable.
The properties of the suggested family of estimators are studied up to first order of approximation.
Optimum conditions are obtained under which the suggested estimator has least mean squared error
(MSE). To evaluate the performance of the proposed class of estimators, a numerical study is carried
out using finite real-life population.

Notations
Consider a finite population Q2 = {Ql,Qz,..., Q, }of size N. For estimating the population mean, a

simple random sample (SRS) of size n is drawn from Q using without replacement (WOR) sampling
scheme. Let (yl , X )be the values of the (study, auxiliary) variables (Y,X) respectively for the i unit of

the population Q,,i =1,2,..., N. To estimate the population mean Y of the study variable Y, we suppose
that the complete information on the auxiliary variable X is available or measurable at an affordable

cost, e.g., ranks of the auxiliary variable, and the population parameters such as population mean X ,
population standard deviation (S ), population variance (S 2 ), coefficient of variation (C, ), coefficient

of skewness l(x)) and kurtosis ( 2(X)), A= ( oy — By — 1), etc. of the auxiliary variable X and also
the correlation coefficient p, between the study variable Y and the auxiliary variable X. Further we

designate:

_ 1
Y= NZ : the population mean of the study variable ¥,

N
%Z :the population mean of the auxiliary variable X,
S? = Li( -Y )2 : the population mean square/variance of Y.
P TNCI& Vi -the pop q ,

N-1 i=1
N
S, = IZ(y -Y Xx - ) the population covariance between Y and X,
i=1
P = S :the population correlation coefficient between Y and X,
yox
C, = = :the population coefficient of variation of ¥,
C, = = :the population coefficient of variation of X.

Let x,,x,,...,x, be the N values of X in the underlying finite population€2. Let R be the
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corresponding ranks of X.

N
R, = %Z (N+ D. : the population mean of R_,
i=1

=

S? = ﬁ (r -R, )z the population mean square/variance of R_,
i=1
N
m ( 4 v~ x):the population covariance between Z and R_, where z =y, x:
A
P = W :the population correlation coefficient between Z and R _,

S
C. = == : the population coefficient of variation of R_,

”
X

- lZyi : the sample mean of Y,
n -

<l

X= 1 le. :the sample mean of X,

=
st= ! IZ(y[ — )’ :the sample mean square/variance of Y,
n—1,4
st = L Z(xi —x )’ :the sample mean square/variance of X,
S, = Ll (yi —y)(x,. —)_c):the population covariance between Y and X,
n—144

For obtaining the bias and mean squared error (MSE). We write
y=Y(+e ) x=X(1+¢ )7 =R (1+e,)

such that

E(e,)=E(e,)=E(e,)=0

and

Ele})=oC}, Ele?)=oC2, Ele2)= o7,

E(e,e,)=9p,.C,C., Ele,e,)=9p, C,C,.Elee,)=¢p, C.C,

1

and ¢ = (= —=).

2. Review of Some Existing Estimators
Under this heading we briefly review some existing estimators of population mean Y of Y.
The usual unbiased estimator for Y is defined by
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1
Ly :yzzzyi
i=1

>

whose variance/MSE of ¢, = y under SRSWOR sampling scheme is given by
MSE(t,)=MSE(y)= ¢S} = Y °C} (2.1)

Ratio estimator due to Cochran (1940) and product estimator due to Robson (1957) and revisited by
Murthy (1964) are respectively given by
RV =
x

2

(3]

To the first degree of approximation, the mean squared errors (MSEs) of ¢, and ¢, are respectively

and

given by
MSE(t,)= oV *(C?+C? -2p,.C,C,) (2.2)

MSE(1,)= o7 *(C* +C* +2p,C,C,) (2.3)
The usual difference estimator for population mean Y of y is defined by
t,=y+d(X-X)
where d is a constant.

S
For the optimum value d,,, = p,, (S—yj of d, the minimum MSE of ¢, is given by

MSE,, (t,)= oV C2(1-p2.). 2.4)
From (2.1), (2.2), (2.3) and (2.4) we note that
MSE(.)_/)_MSEmin(Zd): wyzcjpyzx 2 09
MSE(t,)- MSE, . (t,)= 97 *(C, - p,.C, ] >0,
MSE(t,)- MSE, , (t,)= 97 *(C, + p,.C, J >0.
It follows from the above three expressions that the difference estimatorz,is superior to the
estimators y,f,and ¢,.
Rao (1991) envisaged an estimator for Y as
tRao = al.)_} + a2 (XV_ )_C)’
where (a,,a, )are suitable chosen constants.
For the optimum values:

Xropry = [1 +¢C} (1 - Py )Tl

2

and

Cyopry = R(%jpyx [1 + §0C}2 (1 - pfx )]71 )

X

of (a,,a, )respectively; the minimum MSE of ¢

o72¢c3(1-p3x)
MSE(tRao)min. = m

From (2.4) and (2.5) we have

is given by

Rao

2.5)

Braz. J. Biom., v.44, e-44840, 2026.



Nigam and Singh

MSE

min

>0

(¢ ):¢2Y2C;(1‘Pfx)2
" eecl-py )

which shows that the estimator 7, due to Rao (1991) is more efficient than the difference ¢, and hence

(t,)- MSE

min

more efficient than the estimators y,7,and ¢, .
Ratio-type and product-type exponential estimators for ¥ due to Bahl and Tuteja (1991) are given

by
_ X—-X
lre = YEXp oz )

+X

t, =yex X-X
Pe y p Xv-i-)_(f .

To the first degree of approximation, the MSEs of ¢, and t,, are respectively given by

v 2
MSE(ty, )= %(405 +C?-4p,C,C,) (2.6)

MSE(t,,) = (pTYZ (4c?+C?+4p,C.C.) (2.7)
Singh et al. (2009) proposed a class of estimators for Y
t, = yexp{ a_()?_— )_C) }
The minimum MSE of ¢, to the first degree of approximation is given by
MSE,, (t,)=pV>C*(1- p2.) 2.8)

Based on Bedi’s (1996) transformation, Haq et al. (2017) proposed the following estimator for Y
as

t,, =yex —(A_/_)_C)
= Y R Ny
To the first degree of approximation, the MSE of ¢,, is given by
- C? 1
MSE(t,, )=pY?| C2 +———— C,C 2.9
)= {y AN+ (N } @9)

Shabbir and Gupta (2010) envisaged a difference-ratio-type exponential estimator for ¥ as
= X-x
t.=wWy+wl X —-X)exp| =—— |,
SG { 1Y 2( )} p(X+)?+2NXj
where (w;,w, )are suitable chosen constants.
For the optimum values:

( * ok * *) ( * ok * *)
a,a, —a,a a d. —a,d
— 274 375 _ 175 374
W](gp[) - * % . *) 7W2(0pt) - * %k _ *)
18, — a5 a,a, —a,

of (w,,w, ), the minimum MSE of ¢ is given by

(o) = 72{1 _ (a;azz _ *2a*;a:a: +a,a; )} ’ (2.10)

2
a,d, —d,

MSE

min

where
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a; =[l+9lC? -26,p,,C,C.+6:C)|
s

a = %(elcj ~p,.C,C.)

*_
a, =

a = {1+%01(301Cj —4pynyCx)}

@ =2 C
2R
Y 1
R=:,91= .
X N+1

Grover and Kaur (2011) proposed that a class of estimators for Y as

Lok = [WlJ_""Wz()?_)_C) eXp(;;;Cj’

where (w;,w, )are suitable chosen constants.
For the optimum values:

(%(1)“4(1) _a3<1)a5(1)) (al(l)aS(l) _03(1)"4(1))

(aul)az(l) —ay,) ) ) (al(l)am) - afm )

Witopt)y =

> W2(opt) - 9

of (w,,w, ), the minimum MSE of ¢, is given by

MSE

min

2 2
=2 ("2(1)“40) = 205445 + almasa))
(tox )= 77| 1- : 2.11)

2
A yGaay — A3y
Where

a, = [1+olc? -2p,C,C. +C?)

_ 9P
aZ(l)_ch’

A3y = %(Cf ~ Py Cy C, )>

%
gy = [1 T g(3(75 —4p,C,C, )}
P 2
as,, =——C:.
5(1) JR*
A generalized version of 7, due to Grover and Kaur (2014) is given by
e - X -x)
18 =lwy+w, (X -x)lex a_( ,
8 = bl ) p{aiX-F)_Ci-l-zb
where (w;,w, )are suitable chosen constants.
The minimum MSE of ¢ for the optimum values:
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W _ (a2a4 - a3a5) w _ (alaS - a3a4)
Wopt) = —3) > Wato = A
ad, —a; ad, —a;

of (w,,w, )is given by
72l (azaf —2a,a,a5 + a1a52)

MSEmm( (g))— (al% ~ a}z)

: (2.12)

where

-~ [1+(p(Cj ~22p,C,C, +7°C} )l

QP 2
R

a; :%( -p.CC )>

=[1+%(3ij —4pynyCX)},

a, =

0 aX
ki Clr=—o—.
2R aX +b
If we set w, intg;, then the estimator 7.2 reduces to the estimator for the population mean Y of y

as =

as
R e

For the optimum value:

Wy = (a5a_2a3)

of w,, the minimum MSE of ¢%)"is given by

2
MSE,, (1))=Y [1 +a,-2a, _lasma) }
a,
— o7 C(1-p2,)
(2.13)
which equals to the minimum MSE of the difference estimator ¢, .
From (2.12) and (2.13) we have

(2)* (g) =2 [ay(a,—a,)+ a;(as -, )
MSE,, (£ )~ MSE,, (¢2))=7¥ o loa o) >0

(2.14)
which shows that the proposed estimators ¢ is more efficient than ¢%)"and hence ¢%)is better than
the difference estimatorz,, .

Incorporating the supplementary information in the form of an auxiliary variable and in the form of

a ranked auxiliary variable (i.e. incorporating the auxiliary information on both X and R ), Haq et al.
(2017) suggested a difference estimator of the finite population mean Y of y as

f, —w1y+w2(X )+w3(R 17)

X
3

where w,,w,and w;, are suitably chosen constants to be determined such that the MSE of 7, is

minimum.
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For the optimum values:

*

Nl>*
[>

_ 1 _
Wl(opt)_F Wa(opt) = A Wiopty =

9 2

of (w,,w,,w, ), the minimum MSEs of t,.1s given by

MSE, (¢, )= Y{ Aj: }

A

where
N = by (o35 57 )~ b3 (b3, ~ b1y )+ 5 by — b3 )

x = (o6l =57) &, =(bi; —bi0,) 8 = (B35 ~bit;)

y Tx? yr?

b =+ pC by =Lt = Loclbi =8 p 0000 = Kop, .00 -

(2.15)

9
- p, C.C..
RR pxrx xr

Further, Haq et al. (2017) suggested a class of estimators for population mean Y of the study

variable y as

D5 ool A

where (w,,w,,w, )are suitable chosen constants.

The minimum MSE of t;r for the optimum values:

sk sk sk

A, A, A,

Wio == Woro = Wig = =

10 ok 20 ok 30 sk
A , A A

of (w1 S Wy, Wy )respectively, is given by

(6,7 +5,5 +,A7 )

MSE,, (¢, )=7>|1- =

where,
" [b By, =52 )= b, (B3 — b, )+ by (Beby —byb, )}
A; = [b (b by —bgb ) (b3b4 _b5b6)+b5 (b4b9 —bsby )l
; =[b,(b,b, —beby )—b,(b,by —b.by )+ b, (b,b, —b,b; )],
[ (b,b, — b7 )b, (bsb, —bsb, )+ by (bybs —byb )|
where
b =1+9lC? +73C? - 20p,.C.C.)|

@
bz = R? Cf’
%
b=2-c

b4 = %(TC? _pyxcycx

by = ;p* (..c.C-p,.CC.)

(2.16)
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E

¢
bé = RR pxr'\.CxCr’

QT
b, =[l+?(3fo —4pynyCx)}
bs = ﬂcja
2R

b9 = (D_fpxrxcxcr’

3. Proposed Class of Estimators
We define a class of estimators for population mean Y of y as

ty = [W1}7 (aﬂb)n (T—x)a +w,(X — %) + w3(R, — fx)] exp {M} exp {M}, (3.1)

aX+b Ry (Ry+7y) a(X+x)+2b
where a(# O) and b are either known as constants or functions of any known population parameters,

such as S (standard deviation), C, (coefficient of variation), f3, , (coefficient of skewness) and S, .,
kurtosis, A =15, — By, —1), and correlation coefficient p, between ¥ and X etc.

We mention that for (77,5,/1,7/)= (0,0,0,0), the proposed estimator 7, reduces to the estimator?
while for (77,5, A, 7/) = (0,0,0,l)it boils to the estimator t;, due to Haq et al. (2017).

For deriving the bias and MSE of ¢, , we express ¢, in terms of e’s we have

= ) 1 1 —ye ¢\ e e, )
tH:Y{wl(l+eo)(1+rel)7(l+ez)5—sze]—W3Fez}exp{Tl(l+§elj }exp{ 22(1+?2J }

Expanding the right hand side of the above expression, multiplying out and neglecting terms of e’s
having power greater than two, we have

00-1) . 2+9*(0*—1>82}
2

w, {1 +e, +0r(e, +epe, )+ 0 (e, +eye,)+ 00 e, + 5 e 5

tH
1(yr A 1 (yr A
+W2 E(;ef +5€]€2 —elJ+W3 F(?elez +§€22 —62)

or
w, {l+eo +92'(e1 +e,e )+ 9*(62 +eoez)+ 00 ze,e, +@72€f +We§}
(¢, -7)=Y ,
1(yr A 1 (yr A
+w2§(7elz+gele2—e1j+w3ﬁ(?ele2+ze§—ezj—l
(3.2)
where
1 - aX Y .Y
0=—2n- ,9 :—26_1,72 — ,R::andR =—.
A O it Svatig R

Taking expectation of both sides of (3.2) we get the bias of 7,, to the first degree of approximation
as

Braz. J. Biom., v.44, e-44840, 2026.
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where

B(t,)=Y[w A, +w, A4, +w,4, —1], (3.3)

X

A, = [1 + (p{é’rpynyC +60'p, C,C,+600"1p, C.C, + @ 2C? + w C,?H

A 9 (7 TC? +Ap X7, C, C'; )

““2R

__9
A92R

~(rmw,.C.C, +1C3)>¢=(1—i}
: n

N

Squaring both sides of (3.2) and neglecting terms of e’s having power greater than two, we have

L 202 1+2e, +20w, +20 e, +e; +40wre, +46 ¢e,
+w,
"+400 e, + 020 - )P’ + 07 (20" — 1)

1 1 1
+ wf (Fjef + v1132 (Fjef +2w,w, (Ej{(j/ - n)relz + (/1 - 5)ele2 —e.e, —e, }

1 1
+2w,w, re {(7/ - 77)‘[@162 + (/1 - 5)622 —e,e, —¢e, }+ 2w,w, Fele2

2

—2w, {1 +e,+ 6’7(«9l +eye )+ 6’*(e2 +eye, )+ 00" re,e, + ‘9(92— 1) 2% ¢ 0 (‘92 -1) ez}

11 1 [1
—2w, E{E (}/relz + Aee, )— e } —2w;, F{E (yre]ez + /”Lez2 )— ez}

(3.4)

Taking expectation of both sides of (3.4) we get the MSE of ¢, to the first degree of approximation

as

MSE(t, )=V |L+ W2 A, + W2 Ay + w3 Ay + 2w, A, + 2wy A + 2w, wy A, — 2w A, — 2wy Ay — 2wy 4 |

where

4 =[1+olc?+

%
A=z s
%

A, = 27 C?,

(3.5)

46010,,C,C, +40'p, C,C, +400'1p, C.C, +6(20-1*C* +0° (20" ~1)C? |}

A, =2t + (-0, C.C,-p,C.C.]

AS - : [(y_n)rp”xcxcf +(/1_5)Cr2 —meyCr],

R*

A6 = (p* perCxCr'

RR
Setting

i

OMSE(t,, )

=0,i =1,2,3; we have

10
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A, A || w | = 4 (3.6)
A A A |wm 4,

Solving (3.6) for (w,,w,,w, )we get the optimum values of (w,,w,,w; )respectively as:

W, = ﬁ w,, = ﬁ W, = ﬁ
10 =30 T W T
where
4 A, A4
A= A4 Az A6 = [Al (AzAs - Aez )_ A4 (A3A4 - A5A6)+ As (A4A6 - AzAs )]
A 4y 4
A, A, A
A =4y A, A= [A7 (A2A3 _Asz )_ A4(A3A8 _A6A9)+A5 (AsAs _A2A9)]
4, A 4
A A, A
Az = A4 Ag Ae :[Al (A3A8 _A6A9)_A7(A3A4 _A5A6)+A5(A4A9 _AsAs)]
A; A4, A4
A4 A, A4,
Ay =14, 4, A= [AI(A2A9 _A()As)_A4(A4A0 _A5A8)+A7(A4A6 _AzAs)]
A 4y 4
Thus the resulting minimum MSE of ¢, is given by
MSEmin(tH): Yz[l— (A7A1 +A8AA2 +A9A3):| (3.7)
which is non-negative if
0< (A7A1 +4A, +A9A3) <1
A
and
A>0.

4, Efficiency Comparisons
In this section, we have compared the suggested estimator ¢, with the existing competing

estimators. Conditions are obtained under which the proposed estimator ¢, is better than the existing

estimators considered here.
We designate:

Ly=[+ec(-p2 )|, (@.1)
i

( 2 2 + 2 )
Aoy@aqy — 30y Qaay@say T diyDsa)
2
(al(l)am) - asm)
2 2
_ (a2a4 —2a,a,a5 + alas)

Ly = : , (4.4)
ad, —a, )

LGK -

, (4.3)

Braz. J. Biom., v.44, e-44840, 2026. 11
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*

. A

Ly :X’i’ (4.5)

L= b,A; +b8§ +byAy ’ .6)
A

L, = A,A, +Azﬁ2 + A,A, ' @.7)

From (2.1), (2.2), (2.3), (2.4) (or (2.8) or (2.13)), (2.5), (2.6), (2.7), (2.9), (2.10), (2.11), (2.12),
(2.15), (2.16) and (2.17) we have that

(i) MSE,(t,)< MSE(, = y)if
(L, +¢C?)>1
(4.8)
(i) MSE, (t,)< MSE(t,)if
[LH +(p(Cﬁ +C? )]> (1+2¢)pWCny)
(4.9)
(iiiy MSE,, (L, )< MSE(t,)if
L, +olc2+C?+2p,C.C)>1
(4.10)
(iv) MSE,, (L, )< MSE, ort, ort®" )if
(L, +9C2)>(1+0C30})
(4.11)
(v) MSE,, (LH ) < MSE(tRao )if
L, >L,
(4.12)
(vi) MSE,, (L, )< MSE(t,,)if
{LH . (p[cj +—C? ﬂ >(1+¢p,C,C.)
(4.13)
(vii) MSE, (t,)< MSE(t,,)if
[LH +(p(cj +%Cf +pwcycxﬂ>1 (4.14)
(vii) MSE,,(t,)< MSElt,, )if
L+ Cr— |5 149! C,C
A T vy vy
(4.15)
(ix) MSE,, (t,)< MSE(ty, )if
L, > L
(4.16)
(X) MSEmin (tH ) < MSE(IGK ) lf
Ly > Lk (4.17)

Braz. J. Biom., v.44, e-44840, 2026.
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(xi)  MSE,;(t,) < MSE() )it
L, > Ly, (4.18)
(xii) MSE,, (t,)< MSE(t,, )if
L,>L,
(4.19)
(xiii) MSE, (1, )< MSE(, )if
L,>L, (4.20)

Thus the proposed class of estimators 7, is more efficient than ¢, =y ,¢,,7,,¢, (orts orté“;’()*), ! Rao »

fre>tpe sty s s lor » 1o o1, andt;, respectively as long as the conditions (4.8), (4.9), (4.10), (4.11),
(4.12), (4.13), (4.14), (4.15), (4.16), (4.17). (4.18), (4.19) and (4.20) are satisficd.

5. Empirical Study
To judge the merits of the proposed class of estimator ¢,, over other estimators, we have considered
a data set reported in Murthy (1967).

Data set [Source: Murthy, 1967
y: Output of factory, and
x: Number of workers.

N =80,n=10,Y =5182.64,X =285.125,R, =40.50,p,, =0.914981p,, =0.983609,
P, =0.890219C, =0.354194C, =0.948459C, =0.573765 3,(x) =3.58078

We have computed the percent relative efficiencies (PREs) of different estimators of population

mean Y with respect to usual unbiased estimator y . The PRESs of the estimators¢,, , . , Ligota s rao s Lok

and?,, (Haq et al. (2017) with respect to y are displayed in Table 5.1. the PRESs of the estimators 1)

due to Grover and Kaur (2014) and t;,, due to Haq et al. (2017) for various values of (a,b) are presented
in Table 5.2. We have computed the PRE of the proposed family of estimators ¢,, with respect to y by

using the formula:
o

PRE(t,,y)= {1_ (4,A, + 4, +A9A3)}

*100

A
For different values of (a,b) and findings are shown in Table 5.3.

Table 1. PREs of the estimators £, , Ip., 2y, s Ly 5Ly, > Lok and £, with respect to y

Estimator .)_/ tR tRe th td tRao tGK tpr

PRE(.,¥)  100.00 30.58 291.96 103.9 61421 61531 66437  3437.60

Braz. J. Biom., v.44, e-44840, 2026.
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Table 2. PREs of ¢ (Gi) and ¢ ;r with respect to y for different values of (a,b)

Values of
constants Members of ¢ PRE (t(Gi) ,)7) Members of t;,, PRE (t;,,y)
a b
1 C: te) 663.77 foiy 6307.63
1 B 180 662.14 fho 6182.12
B(x) G 180, 664.20 . 6342.04
G B 18 662.02 foit 6173.26
1 P 1) 663.79 £ 6309.30
Cx P 1806 663.76 toio) 6306.82
P Cx 180 663.71 ton 6303.25
Bo(x) P 18 664.21 fors) 6342.51
Pn B(x) 180, 661.94 o) 6167.00
NX 1 1800, 615.31 f ooy 6355.75

Table 3. PREs of proposed family of estimators £, with respect to usual unbiased estimator y for different values of

(a,b,7,5,4,7)
Values of (17,6,4,7)=(-0.5,0,0,0) (7,6,4,7)=(0,0,1.51.5)  (17,5,4,7)=(0,0,2,1)
a b PRE(tHla)_/) PRE(tHza)_’) PRE(thy)
1 C: 52516.81 16737.52 8031.265
1 B (x) 32851.4 16022.3 8002.068
Br(x) Gk 62586.32 16935.64 8038.587
G B 31991.54 15972.24 7999.85
1 Py 52931.06 16747.1 8031.626
Cx P 52318.24 16732.88 8031.09
Py Cx 51458 16712.37 8030.313
Br(x) P 62752.07 16938.39 8038.687
Pn  Bhr(x) 31409.93 15936.92 7998.27
NX 1 3992.193 4100.563 3992.009
1
*where ¢, = wly{((c;)x_(::))}z +w, (X —X)+wy (R, -7 |,
Ly = [wly +w, ()? x)+ Wy (Ex rx) exp{ (Ef:;xj)} exp{ al(;,af))_i);xz)b} )
lys = [le TW, (X—x)+w3(§x _’"x) exp{ ;x_i__;x )}GXP{J;?(TX;%} :

14
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Table 4. PREs of proposed family of estimators £, with respect to usual unbiased estimator y for different values of

(a,b,1,5,4,7)
Values of (17,8,2,7)=(0,0,,1.75)  (7,6,4,7)=(0.5,0.25,0,0) (17,5,1,7)=(0,-1,0,0)

a b PRE(tHu)_’) PRE(tH59J7) PRE(tHsaJ_/)
1 C: 7175.57 6879.26 7641.01
1 B 7066.70 6885.67 7641.01
B(x) G 7204.83 6877.33 7641.01
G B 7058.88 6886.08 7641.01
1 Pix 7177.00 6879.16 7641.01
G Py 7174.88 6879.30 7641.01
Py Cx 7171.83 6879.50 7641.01
Br(x)  Pn 7205.23 6877.30 7641.01
P Br(x) 7053.35 6886.37 7641.01
NX 1 4195.09 4061.73 7641.01

*where 1,,, = [wl)_/ +w, ()? — )_c)+ w, (EY —7 )]exp{ IE‘ —r }e@{%%}

Table 5. PREs of proposed family of estimators £, with respect to usual unbiased estimator y for different values of

(a,b,17,5,2,7)

Valuesof  (7.6,4,7)=(-0.5111) (7.6,4,7)=(-0.51,,-0.25)  (1,5,1,7)=(-0.25,1,1,-0.25)

A b PRE(t,;;,7) PRE(t,y5,7) PRE(t,4,,7)
1 C: 31831.89 10760.63 11212.82
1 B, (x) 25105.5 10392.41 11247.21
Bx) G 34309.94 10864.21 11204.37
G B (x) 24731.35 10366.97 11249.87
1 Py 31944.05 10765.62 11212.4
Cx Pyx 31777.79 10758.21 11213.02
Py Cx 31540.76 10747.52 11213.92
B(x)  Pu 34346.79 10865.65 11204.26
Pn  Br(x) 24473 .4 10349.05 11251.77
NX 1 * * *

*stands for non-existence of positivity condition at (3.7).

where
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PREs considerably larger than the estimators y , 2, ,fges 2,58y s paostox >y ,té‘?(j) ,j=1t010;and ¢,

N % 7 Y%
= I 2ol ) g o7 g 02505
- B 1 — -

b)|4( 7 z -7 -
Lo = Wl)_/{((iif:b))} (Ex j+W2(X_)_C)+W3(Rx_rx) eXp{]]_: —H: }eXp{ ao)_?ia)gc +2Z)}

It is observed from Tables 5.1 and 5.2 that the estimator t;r(g) (i.e. the estimatort*,, at
(a b :(ﬂ (%), pw)) is the best among the estimators y,7,, Trestrgsta »trao > Lok ,tpr,t(g)(]),] =1 to 10;
and tpr(l) , i =110 79,10; that is the estimator tpr(g) has the highest PRE(=6342.51%) among these

estimators.
Comparing the PRE values of Table 5.1, 5.2 and 5.3, it is found that the proposed estimator ¢,, has

pr(i)
, I = 1 to 7,910 for the combination of scalars (a,b,n,é',/l,y)conmdered. The largest

PRE(=62752.07%) is observed at (a,b,n,é',ﬁ,,y):(—O.S,0,0,0,,Bz(x),pyx)which is very high as

compared to Haq et al. (2017) estimator t;r(g). This study suggests that there is enough scope of

selecting the scalars (a,b,n,é‘,/i,;/) involved in the suggested estimator ¢, for obtaining estimators

better than those with their counterparts. Finally, it is recommended that the use of the envisaged
estimator ¢, for precisely estimating the finite population mean in practice.

6. Conclusion

In this article we have developed a family of estimators of the finite population mean that utilizes
the ancillary information on the auxiliary variable as well as on the ranks of the auxiliary variable. In

addition to Haq ez al. (2017) estimators 7, and t ,a large number of estimators can be identified as

pro
members of the developed family of estimators¢,, . Expressions of bias and mean squared error of the
suggested family of estimators 7, have been obtained up to first order of approximation. Optimum
conditions are obtained at which the proposed family of estimators ¢, attained the minimum mean
squared error. Theoretical conditions are obtained under which the proposed family of estimators ¢,, 1s
more efficient than those with their counterparts. An empirical study is carried out in support of the
present study. Findings of the empirical study show the superiority of the envisaged family of

estimators ¢, over Haq et al. (2017) estimators 7, and ¢, and other existing estimators. Thus the

pr>
application of the present study is recommended for its use in practice.
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